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nalysis of amyloid aggregation kinetics has involved the examination of a single
lumped parameter taken to reflect the total mass of protein in amyloid form. However use of increasingly
sophisticated multi-experimental strategies capable of providing information on the structure of the growing
fibril at the mesoscopic and atomistic level, has put extra information within the experimenter's reach.
Although such data can be presented empirically, its incorporation into a theoretical model is more
problematic due to scaling issues associated with modern day approaches which fall into either the particle
based or statistical based categories. Here we present a coarse grained multi-scale simulation of irreversible
amyloid formation that straddles this simulation divide by using a set of theory derived size and
conformation specific rate constants to simulate the kinetic evolution of the amyloid fibril population. This
approach represents a potentially profitable simulation/analytical strategy that will help to probe more
deeply into the underlying molecular driving forces behind the phenomenon of amyloid formation.

© 2008 Elsevier B.V. All rights reserved.
Amyloid fibrils are β-sheet rich, long protein rod like structures,

that are capable of being formed from the homo-polymerization of a
variety of different proteins [1–6]. This diverse range of protein fibrils
have caused much excitement over the last one hundred and fifty
years due to their association with various diseases [7], their intrinsic
biological function [8] and their potential use as a nanotechnology/
material science agent [9]. Due to these relationships and also
because of the fundamentally interesting questions raised at the level
of basic science, the phenomenon of amyloid formation has been a
much studied topic using a large number of different experimental
[10] and theoretical approaches [11,12]. Irrespective of the rationale
for studying amyloid, the principal avenue of investigation has been
the determination of amyloid reaction kinetics, with the ultimate
goal being the complete elucidation of the nature of the reaction
starting materials, kinetic pathway and end products along with a
working understanding of how they are affected by changes in
environmental conditions. By necessity the findings of such a kinetic
based investigation must be expressed in terms of mathematical
relations, which for a given set of conditions can reproduce the
system behavior and additionally provide hypotheses for further
experimental test. Despite the widespread nature of the investigative
effort, as of the present day it would be fair to say that we have had
limited success in the de novo prediction of the rate, extent or
structural nature of the amyloid end product from an arbitrary
ll).
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polypeptide sequence in a chemically defined solution environment.
Part of the barrier to achieving a detailed understanding of amyloid
formation kinetics has been related to the relatively blunt experi-
mental and theoretical tools that we have had at our disposal. Indeed
for the last fifty years or so the principal methods for monitoring the
kinetics of amyloid formation have been techniques, such as turbidity
assay [13], dye binding [14] and filter binding [15], which yield a
single experimental marker often taken as referring to the total mass
of protein in aggregate form. Because of the sparse nature of the
information available, statistical rate methods developed to interpret
and analyze such experiments have themselves been constructed in
terms of a single observable [16–20] and as such are somewhat
limited in their ability to provide insight into the relationship
between the size and shape of the amyloid distribution and the
structural characteristics of the amyloid reaction starting and end
products [3,21–24]. Following in the footsteps of Oosawa [25,26],
traditional analytical models have been constructed in terms of
averaged rate parameters describing nucleation rate constants,
growth rate constants and a critical nucleus size. At the other
extreme of the simulation spectrum, modern day particle based
procedures utilizing molecular dynamics or Monte Carlo approaches
have been used to examine the amyloid aggregation reaction [11,27–
30]. These procedures are, in principle capable of providing pathway
and structural information, however due to limitations in computing
power they are as yet restricted to simulations involving small time
scales and a small number (b100) of short peptides and therefore
cannot be used for simulating or analyzing experimentally accessible
regions of the amyloid reaction.
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In recent times increasingly sophisticated multi-experimental
strategies [31–36] have provided detailed kinetic information on the
evolution of the structure, distribution and total extent of all species
within the aggregate population. In keeping with the greater
density of available information a new modelling approach is
required that is able to relate these diverse information strands and
hence describe amyloid kinetics in greater detail. Here we present a
general approach for the multi-scale simulation of the kinetics of
the amyloid formation reaction that shows great potential for
overcoming these problems and offers the potential to relate
structural characteristics of the monomer and fibril, with the kinetic
evolution of the amyloid distribution. The simulation approach
combines both particle and statistical characteristics to first derive a
set of rate constants which it then uses as parameters in a more
traditional rate model of an amyloid polymerization reaction. The
method outlined yields insight into how various properties of the
polypeptide chain relate to kinetics of amyloid formation and the
structure of the amyloid end product.

1. Theory

In this section we describe the theoretical model used to predict
the rate constants for each step of the aggregation reaction and outline
the procedure for incorporating these rate constants into a large scale
simulation of amyloid formation.

1.1. Theoretical model for predicting amyloid reaction rate constants

In its simplest form [37] the rate constant, kij, for a bimolecular
reaction between particles i and j can be treated as the product of a
collision density term, νij (M−1 s−1), and a probability reflecting the
successful outcome of the reaction Pij (Eq. (1)).

kij = mijPij ð1Þ

We consider amyloid growth to occur by successive stepwise
addition of monomer (making species i always refer to monomer
(i=1)). Species j can range from a monomer to any higher order
amyloid species, 1≤ j≤∞ with amyloid considered as any species j≥2.
Here we use a modified version of the random flight model presented
previously [38] to predict both P1j and ν1j. In this approach the
molecular model of the unfolded polypeptide chain is set similar to
that of a 3D random flight polymer—an approximation which allows
for the derivation of a semi-analytical relationship for the particle
model. As shown in Fig.1 amyloid formation is considered to be driven
by the intimate association of a number of key amino acids dispersed
within a larger amyloidogenic peptide stretch with a corresponding
identical stretch of amino acids located on a second polypeptide chain.
For amyloid formation to occur each amyloidogenic stretch must
adopt a defined conformation capable of participating in β-sheet
formation upon contact with its binding partner. In this study the
reaction potential is considered to be sufficiently energetically down
hill such that the probability of success is dominated principally by
configuration and orientation determinants. Using such an assump-
tion we calculate the total probability, P1j, of a successful interaction
upon collision (Eq. (2a)) as the product of a set of conditional
probabilities that each predict the likelihood of a certain event. We
describe these individual probabilities for bothmonomer and amyloid
(j≥2) for the following events (i.) Pu—the polypeptide is suitably
unfolded (Eq. (2b), here we assume a simple two state model, K refers
to the equilibrium unfolding constant and Cd the equilibrium
concentration of denaturant and n the stoichiometry of the reaction),
(ii.) Pc—the amyloidogenic peptide stretch is in the correct linear
configuration (Eq. (2c), (iii.) Po—the major and minor axes lie within a
cone with a set tolerance and that each of the individual key residues
is correctly oriented with respect to its binding partner (three angular
requirements) (Eq. (2d)) (iv.) Pnf—no frustration occurs from any
additional non-amyloid forming peptide region at the N or C terminus
(Eq. (2e)) (where PfN and PfC refer to the probability of frustration
occurring at the N and C termini).

P1j = P1udPju
� �

P1cdPjc
� �

d P1odPjo
� �

P1nf dPjnf
� � ð2aÞ

P1u =
KC n

d

1 + KC n
d

� � ; Pju = 1 ð2bÞ

P1c = P1 r12ð ÞP1 r23ð ÞP1 r13FΔrð Þ; Pjc = 1 ð2cÞ

P1o = P1 /ð ÞP1 ψð ÞP1 θð Þ; Pjo = P1 θð Þ j = 1ð Þ; Pjo = 1ðj N 1Þ ð2dÞ

P1nf = 1−PfNð Þ 1−PfCð Þ; Pjnf = 1−PfNð Þ 1−PfCð Þ j � 1ð Þ ð2eÞ

The collision density term is calculated based on knowledge of the
diffusion constants for each interacting species, D1 and Dj, and the cross
section of radius, Rc, generated by the central amino acid residues of the
amyloidogenic regions on each of the interacting partners. An approach
of the two components was allowed to occur through the rounded face
of a hemi-sphere proscribed by a radius of Rc which was made equal to
2 bond lengths of the random flight polymer chain approximant (in this
case the average dimensions of one amino acid are such that Rc=16 Å
[39]). The translational diffusion constant for monomer (Eq. (3a)) was
based on the diffusion of an equivalent sphere having a radius R equal to
the root mean square radius of a Gaussian chain of (N) bond lengths
where N+1 is the total number of amino acids in the unfolded protein
[40]. For amyloid species of size j≥20 the translational diffusion
constant was approximated using a relationship determined for the
diffusion of a sphero-cylindrical rod of length 2a and radius b [41]
shown by Eq. (3b). In this study each amyloid fibre was considered to
grow from each end in a linear fashion. The centre of each peptide in an
amyloid fibre was separated by a distance of Rc from its corresponding
binding partner. To interpolate the translational diffusion coefficient for
amyloid sizes 1b jb20 a multi-exponential fit of the data set was made
with the best fit parameters shown in Fig. 2. The collision density term
was calculated on the basis of Eq. (3c), where NA represents Avogadro's
number.

D1 =
kT

6πηR
ð3aÞ

Dj =
kT

6πη 2=3ð Þ1=3 a=bð Þ2=3
loge 2a=bð Þ−0:30
h i

3b2a
2

� �1=3 j � 20ð Þ ð3bÞ

m1j = 2πRc D1 +Dj
� �

NA for j � 1ð Þ ð3cÞ

1.2. Method for simulating large scale irreversible amyloid reactions

Amyloid growth was simulated using a modification of the
stepwise polymerization model previously constructed to explicitly
simulate microtubule polymerization kinetics [13,42]. In the present
version of themodel amyloid growth occurs irreversibly by addition of
monomer, A1, present at a concentration C1, to any other species j of
size ranging from 1 to Nmax, present at a concentration Cj (Eq. (4)) [43].
The forward rate constants, k1j, governing each stage of the amyloid
formation process were calculated as described above.

Aj + A1 Y
k1j

Aj + 1 for j � 1ð Þ ð4Þ



Fig. 1. Schematic describing the basic components of the particle model. (A) Unfolded Extent: The likelihood of the protein being unfolded is determined on the basis of a protein
unfolding plot. (B) Polymer Statistics: A random flight statistical distribution, describing the range of end to end distances for a random flight polymer is used to estimate the
likelihood of P1(r12) and P1(r23). (C) Configuration Probability: Each stepwise monomer addition event must satisfy two configuration requirements, event 1 requires the first peptide
to adopt a certain set of internal co-ordinates (defined by distances r12, r23 and r13±Δr between three key residues shown in red), event 2 requires that the second peptide adopts a
less stringent set of internal co-ordinates (defined by distances r12, r23 and r13±Δr′ between three key residues). (D) Orientation Probability: Upon encounter a monomer must be
correctly oriented with respect to its interacting partner. One member of the interacting pair must satisfy three angular requirements (ϕ,θ,ψ), the other member must satisfy only one
angular requirement (θ). (E) Frustration Probability: The model accounts for the possibility of frustration by an adjacent segment of non-amyloid forming polypeptide chain.
(F) Collision Frequency: The rate of collisions between interacting species was determined on the basis of a collision cross-section type argument based on the rate of each particles'
diffusion through solution and subsequent encounter about the designated central residue. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

124 D. Hall, N. Hirota / Biophysical Chemistry 140 (2009) 122–128



125D. Hall, N. Hirota / Biophysical Chemistry 140 (2009) 122–128
The set of interrelated first order differential equations denoting
the rate of change of the concentration of species of degree j+1,
(dCj+1/dt) (Eq. (5)) was solved using a numerical integration strategy
[42] capable of coping with large and stiff sets of differential
equations.

dCj + 1=dt = k1jCjC1−k1 j + 1ð ÞCj + 1C1 for j � 2ð Þ ð5Þ

A total of up to 10,000 inter-related rate equations were considered
in a single simulation although this number was allowed to grow as
required so as to allow for rapid solution of the set of rate equations.

2. Results

We consider two tests of the multi-scale simulation approach on an
11 amino-acid polypeptide that is known fromprior information to have
a strong tendency to form amyloid. Test case A is concerned with the
effect of variation in the initial starting concentration of this highly
amyloidogenic peptide. Test caseB examines theeffectof thepresenceof
different lengths of a non-amyloidogenic flanking region attached to the
end of the amyloidogenic peptide where the non-amyloidogenicity of
the flanking region was inferred from prior information. In both cases
we first use the particle model of the amyloid formation reaction to
calculate the rate constants for each individual bimolecular reaction.
Next we incorporate the calculated rate constants into the polymer
kinetic routine to calculate the nature of the amyloid mass formation
and size distribution kinetics.

2.1. Effect of concentration

Fig. 2 describes the case of amyloid formation from an 11 amino
acid peptide over a 10 fold concentration range. The particle model
rate constant calculation (Fig. 2A) reveals an effective nucleation rate
barrier at the stage of dimer formation. The solution of the large set of
differential equations shown by Eq. (5), with the calculated rate
constants included as parameters, reveals a sigmoidal kinetic pattern
(Fig. 2B)—a phenomenon that is characteristic of nearly all amyloid
formation reactions. The effects of concentration can be noted on both
the kinetics of total amyloid mass concentration formation (Fig. 2B)
and the evolution of the amyloid polymer distribution (Fig. 2C).

2.2. Effect of overhanging peptide sequence

In this test case we examine the differences between amyloid
formation from an 11 amino acid amyloidogenic peptide having
different lengths of overhanging polypeptide sequence at one of the
peptide termini (see Fig.1E). The overhanging polypeptide regionswere
considered to vary in length from 0 to 50 amino acids in 10 amino acid
increments. All simulations were performed at the starting concentra-
tion of 10 mM polypeptide in monomeric form. Fig. 3A describes the
three dimensional surface generated by the particlemodel rate constant
calculation for the differently sized species and the different lengths of
polypeptide overhang.We note that the particlemodel predicts that the
effect of the polypeptide overhang will be to frustrate the chance of a
successful collision and to hence decrease the value of the rate constant.
This decrease in the calculated value of the rate constants translated into
Fig. 2. Multi-scale simulation exploring the effect of concentration on the kinetics of
formation of amyloid by an 11 amino acid peptide: (A) Structure and size specific rate
constants, k1j, calculated using the particle based collision reaction model. The value of
k11 is 5.6×10−6 M−1 s−1. (B) Rate of amyloid formation (weight concentration of all
amyloid species) at 5 different starting concentrations of monomer (10, 7.5, 5, 3 and
1 mM) from top to bottom respectively. (C) Time dependence of the evolution of the
amyloid length distribution for the five different starting concentrations of monomer.
The first second and third (blue, black and red respectively) lines refer to ‘snapshots’
taken at 0.5, 2 and 5 h respectively. The time displayed represents ‘real time’ in the
sense that this would be the time taken by an amyloid formation reaction governed by
the specific rate constants calculated from the particle model geometry (as a function of
the particular conformation and orientation requirements). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this
article.)
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amarked slowingof the amyloidgrowthkinetics at both the level of total
amyloidmass (Fig. 3B) and the evolution of the sizedistribution (Fig. 3C).

3. Discussion

With more experimental information provided by modern techni-
ques, more sophisticated simulation and analysis methods are required
to properly integrate the available experimental data. Other researchers
have also turned their eyes toward more detailed modelling strategies,
of particular note is the work by Pallitto and Murphy [44] and Carrotta
et al. [45].Whatmakes our approachdistinct is that ourmodel can semi-
quantitatively incorporate diverse information streams concerning
monomer structure, amyloid internal structure, amyloid external
structural information (relating to the amyloid size distribution) and
the totalmass fraction of amyloid formed. Herewe have used ourmodel
to simulate the kinetics of amyloid formation from a specific conforma-
tional state of an unstructured polypeptide using a set of theory derived
rate constants as parameters in a large scale polymerization simulation.
The use of a three point internal structural designation allows us to
include a conformation specific requirement within the amyloidogenic
region of themonomer. Likewise the allowance for structural frustration
means that for the first time we may begin to semi-quantitatively
examine sequenceposition effects [46]. As suchour simulationapproach
combines elements of both structural particle based simulations with
more traditional statistical rate approaches to access experimentally
relevant time and size domains. To demonstrate our multi-scaling
approach we approximated the unfolded polypeptide (which constitu-
tes the monomeric building block of the amyloid fibril) as a random
flight polymer chain. The important point to note is that we are using a
polymer model for which a governing probability distribution exists.
Such a correspondence could be similarly generated by the use of
experimentally obtaineddistribution informationasmight be generated
from NMR, FRET or hydrodynamic measurements.

Perhaps themost striking feature of the currentworkwas thefinding
that the characteristic sigmoidal kinetic pattern typically associatedwith
amyloid reactions [1,6,12,17,18,20,31] was generated as a natural
consequence of our model rather than from an arbitrary choice of rate
parameters. In the classical helical polymerization theoryofOosawaet al.
[25,26] nucleation is usually thought of as being defined on potential
energetic/structural grounds, typically associated with helix formation,
and indeed nearly all kinetic models used to describe polymerization
reactions associated with microtubule and microfilament formation
have been rationalized in these terms [47–49]. However in our model
the nucleation step is generated by the configuration entropy of the
unfoldedpolypeptide chain, i.e. the inherently lowerprobability that two
unfolded chains will both be in the necessary conformation upon
meeting. Furthermore the currentworkhas indicated that anon-amyloid
forming adjacent unstructured polypeptide region may dramatically
slow the rate of amyloid formation fromanamyloidogenic peptidedue to
the potential for frustration of the collision event.

To demonstrate the current multi-scale approach we have limited
ourselves to the simplest 1D reactionmodel, that of endwise irreversible
monomer addition. However themodel is capable of further refinement
for use in both simulation and analyses of data, principally by factoring
Fig. 3. Multi-scale simulation exploring the effect of increasing the length of an
‘overhanging tail region’ of non-amyloidogenic peptide present at a single end of the
amyloidogenic 11 residue polypeptide on the kinetics of amyloid formation.
(A) Structure and size specific rate constants, k1j, calculated using the particle based
collision reaction model. Frustration by the overhanging tail was calculated by
computing the likelihood that any region of the tail interrupted a successful collision
(see Fig.1E). (B) Rate of amyloid formation (weight concentration of all amyloid species)
affected by 6 different lengths of overhanging tail (all at an initial starting concentration
of monomer of 10 mM). (C) Time dependence of the evolution of the amyloid length
distribution for the six different lengths of tail. First, second and third (blue, black and
red respectively) lines refer to ‘snapshots’ taken at 2.5, 10 and 25 h respectively. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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in the concept of reversibility. To be certain ourdynamic based approach
is not the only method for attempting the multi-scale simulation of the
amyloid kinetic reaction. Amaster equation type approach based on the
definition of a potential energy landscape can achieve a similar scaling
effect [50]. In this approach a multi-dimensional matrix of pathway
connected regions of the reaction coordinate potential energy surface is
first constructed using aMonte-Carlo search strategy. The transition rate
between neighbouring regions in the matrix is then calculated using a
form of transition state reaction rate theory. Although such an approach
has greater potential than the simplified dynamic approach outlined
here a number of outstanding issues relating to reaction coordinate
connectivity between neighboring regions and the full enumeration of
the reaction coordinate potential energy landscapemake its application
to protein aggregation still a work in progress at the current time. With
these caveats clearly statedwe believe that our approach represents the
basic framework for a multi-scale simulation strategy that can relate
structural information concerning the monomer and amyloid to kinetic
observables and in doing so can begin to advance the state of simulation
and analysis of amyloid aggregation kinetics from the techniques
developed by Oosawa approximately 50 years ago.
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Appendix A

Details of the model

In this section we provide details relating to the nature of the
‘particle’model, the equations used to represent it and the parameters
used in this paper. The amyloidogenic region was considered as an 11
node Gaussian chain. Three residues located at the centre and two
ends of the chain were used to define a basic structure. In calculating
the configuration probabilities P1(r12) and P1(r23) the standard
equation for a 3D Gaussian chain was used (Eq. (A1)).

P1 r12ð Þ = 4π 3
2π N12ð ÞL2

� �3=2

κN12ð Þ2
−3 κN12ð Þ2
2N12L

2

� 	
e ðA1Þ

HereN12 represents the number of bond lengths in the chain length
considered (N12=5 for the current case for the chain segment r12), L is
the chain bond length (here set to 1) and κ is a scaling variable set from
0 to 1 todefine the lengthof the 6node chain in relation to itsmaximum
length of 5 bond lengths. On the condition that both segments r12 and
r23 were at their required lengths the probability that the end to end
distance r13 was at a set length (plus or minus a given tolerance) was
calculated by treating the system as a virtual 3 node chain (Eq. (A2)).
The required distance, r13, was denoted by the scaling factor ε and the
total number of bond lengths N13 in the 11 node segment. An error
tolerance of Δ(εN13) was allowed. If εN13+Δ(εN13) exceeded the
physical maximum then N13 was chosen instead as the leading
integration limit. Likewise unphysical negative distanceswere replaced
by zero.

P1 r13ð Þ = − cosλ
2


 �λ = cos−1 1−
eN13mΔ eN13ð Þð Þ2

2 κN12ð Þ2


 �

λ = cos−1 1−
eN13−Δ eN13ð Þð Þ2

2 κN12ð Þ2


 � ðA2Þ

In this paperwe considered the adoption of a unique structure as the
starting prerequisite for amyloid formation. The end peptide of an
already formed amyloid fibril was considered as fulfilling this structural
requirement (Pj_c=1). At the nucleation level we considered that at least
one of the interactingmonomersmust adopt the required structure to a
high degree of tolerance (Δ(εN13)→0). For both the nucleating and
elongation events the second participating monomer was allowed to
have a greater associated structural error (Δ(εN13)N0). On the condition
that the two central residues had collided in the correct configuration,
the orientation probability, P1_O (Eq. (2d)) was calculated on the basis of
three angular requirements (Eqs. (A3a), (A3b) and (A3c)). First that the
axis defined by the line segment r12 lays in a cone with a set tolerance
given by Δϕ (here set equal to π/2), the second that each of the
individual key residueswas correctlyorientedwith respect to its binding
partner (here Δθ=π) and the third that the component of the vector
traced by the line r23 that is normal to the axis defined by r12 lies within
the segment Δψ (here set equal to π/2). In the present work εwas set at
0.7 and κ was set at 0.4 making the structure effectively linear.

P1 /ð Þ = − cos/
2


 �Δ/
0

ðA3aÞ

P1 θð Þ = θ
2π


 �Δθ
0

( )3

ðA3bÞ

P1 ψð Þ = ψ
2π


 �Δψ
0

ðA3cÞ

The likelihood of frustration caused by an overhanging tail segment
was calculated by computing the probability that any section of the
random flight tail region existed in the two quadrants in which the
association between the two amyloidogenic peptides took place. This
probabilitywasdeterminedbycollating the results of 500 repeated trials
of a randomwalk (for each overhanging tail length) for tail lengths from
10 to 50 amino acids. The results were fitted to an empirical expression
and the results of this fitting procedure are shown in Eq. (A4).

Pf = 0:275 1−e−0:041N
� �

+ 0:551 1−e0:492N
� � ðA4Þ
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